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Partial Differential Equations

Laplacian
Derivation

What is a PDE?

A PDE is a differential equation involving partial derivatives where
solutions are functions of 2 or more variables.
PDE model physical systems such as

» Heat
» Waves
» Etc.
For example, % — <3X2 + 2 + 622) = 0 has solutions of the

form u(x,y, z,t)
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Partial Differential Equations

Laplacian
Derivation

We are studying the PDE of the form Au+ f(u) =0
This problem has applications in

» Star Formation
» Harvesting
> Etc.
We are interested in the boundary value problem:
» Autsut+ud=0
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Partial Differential Equations

Laplacian
Derivation

> Au = Uy + Uy
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Partial Differential Equations

Laplacian
Derivation

> Au = Uy + Uy

> x= rcosf, y = rsin@

u o du . Ou 8%u ox  0%u By

— = — |cos(0)— + sin(0) — | = cos(0) | — - — + =

ar? or Ax dy ax2  or Oxdy Or
3 o%u Oy 2%y  Ox 5 o%u . 8%u 5 8%u
sin(0) | — - — + - — | = cos“(0) — + 2sin(8)cos(0) —— + sin“(0) —
ay?  dr Oxdy Or Ix? Ox0y dy?

8%u o . ou du ou i ou
—_— = — [7r -sin(@) — +r - 505(0)—] = —r-cos(0)— —r-sin(0)— +
962 or Ix Ay Ix dy
i i 8%u 8%u i 8%u 8%u
r|—sin(@) - | —r - sin(6) - ) +r- COS(G)M + cos(0) - | —r - sin(6) - oxdy +r- cos(G)a—y2 =
2

du . Ou ol o o%u i 8%u 5 %y
—r - cos(0)— — r-sin(0)— + r° |sin“(0) - — — 2sin(6)cos(0) - —— + cos“(0) - — | =
Ox Oy ax? Ox0y dy?

ou ol .o 8%u . 0%u 5 8%u
—r— +r° |sin“(0) - — — 2sin(0)cos(0) - —— + cos“(0) - —
or ax2 Oxdy

dy?
8%u 1 8%u 5 82u i 82u L 8%u 1 Ou 2 8%u
) + 2502 cos (49)@ + 25m(9)cos(9)0xa + sin (9); i + sin (g)ﬁ _
25in(9)cos(9)ﬂ + cosz(e)& = & + é — 1 . g
oxdy o2 ox2 87 1 or
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Partial Differential Equations

Laplacian
Derivation

> Au = Uy + Uy

> x= rcosf, y = rsin@

u o du . Ou 8%u ox  0%u By

— = — |cos(0)— + sin(0) — | = cos(0) | — - — + =

ar? or Ax dy ax2  or Oxdy Or
3 o%u Oy 2%y  Ox 5 o%u . 8%u 5 8%u
sin(0) | — - — + - — | = cos“(0) — + 2sin(8)cos(0) —— + sin“(0) —
ay?  dr Oxdy Or Ix? Ox0y dy?

8%u o . ou du ou i ou
— = — |—r-sin(0)— +r-cos(0) — | = —r - cos(0) — — r - sin(6) — +
962 or Ix Ay Ix dy
n(6) n(0) - 22 1 s con(0) 2 )+ cost) o) 2 02
r | —sin | —r - sini C— r - cos: —_— cos! | —r - sin . + r - cosl — =
ax2 Ox0y Oxdy dy?
du . Ou ol o 8%u i 8%u 5 %y
—r - cos(0)— — r-sin(0)— + r° |sin“(0) - — — 2sin(6)cos(0) - —— + cos“(0) - — | =
Ix dy ax? Ixdy ay?
ou ol .o 82u i 8%u 5 8%u
—r— +r° |sin“(0) - — — 2sin(0)cos(0) - —— + cos“(0) - —
or ax2 Oxdy dy?
8%u . 1 8%u 2(6) 8%u + 2sin(6)cos(8) 82%u +si 2(9)3 u 1 Ou + sin?(6) 8%u
— 4+ — ——= = cos — sin(60)cos sin — — — - — +ssin — -
ar? r2 562 ax? Oxdy dy? r Or Ix?
82u 5 8u 8%u 82u 1 Ou
2sin(f)cos(0) —— + cos“ () — = — + — — — - —
Oxdy dy? ax? dy? r Or

> Au= u,,+%u,+r%ue+u@9
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Background

Fourier

> In vector space, a symmetric matrix with dimension m
provides an orthonormal basis of eigenvectors that span R™.
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Background

Fourier

> In vector space, a symmetric matrix with dimension m
provides an orthonormal basis of eigenvectors that span R™.

» {(1,0,0),(0,1,0),(0,0,1)} forms an orthonormal basis of R3
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Background

Fourier

> In vector space, a symmetric matrix with dimension m
provides an orthonormal basis of eigenvectors that span R™.
» {(1,0,0),(0,1,0),(0,0,1)} forms an orthonormal basis of R3
» Likewise, in function space, if a linear operator is self-adjoint
then there exists an orthonormal basis of eigenfunctions that
span the function space that that operator lives in.
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Background

Fourier

> In vector space, a symmetric matrix with dimension m
provides an orthonormal basis of eigenvectors that span R™.

» {(1,0,0),(0,1,0),(0,0,1)} forms an orthonormal basis of R3
» Likewise, in function space, if a linear operator is self-adjoint
then there exists an orthonormal basis of eigenfunctions that
span the function space that that operator lives in.
» Let W; be the it eigenfunction
» Let X = span{V;}
1 ifi=j

> (Wi Vj) = ViV =9 .y
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Background

Fourier

v

All functions on X can be formed with linear combinations of
the Vs

uEX:>u:Z,-’\ila,-\ll,-
»aj=-=(u,V)
> G =span{Vy,..., ¥y}

v
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Eigenfunctions Bessel’s Differential Equation

Eigenfuncitons of the Laplacian

» To get our eigenfunctions we must solve the eigenvalue
problem

» —Au=M\u
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Eigenfunctions Bessel’s Differential Equation

Eigenfuncitons of the Laplacian

» To get our eigenfunctions we must solve the eigenvalue
problem

» —Au=)u
> _urr+%ur+r%U9+U99:)\u
» z=/(\r)
>22 1" / 2 2 _
'+ zu 4+ (22— m*)u=0

» Known as Bessel's differential equation
» Commonly known to have certain types of solutions
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. . Bessel’s Differential Equation
Eigenfunctions

Eigenfuncitons of the Laplacian

> Woi(x) = Jo(z5r)
» No 0 dependence
> \Ugw-(x) = Jm(2K r)cos(mb)
» 0 dependence with cosine
> Vi (X)) = I (zX r)sin(m0)

» 6 dependence with sine

Kirsten Davis Newton’s Method for PDE (1)



Bessel’s Differential Equation
Eigenfuncitons of the Laplacian

Eigenfunctions
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I's Diffe tial Equatiol
Eigenfuncitons of the Laplacian

Bessel’s Di
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Bessel’s Differential Equation
Eigenfuncitons of the Laplacian

Eigenfunctions
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Preview

Part (I1)

>

Newton's Method
Codes

Results

v

v

Solution sets

v

Kirsten Davis Newton’s Method for PDE (1)



Acknowledgements

Special Thanks

>

Dr. John Neuberger, Mentor
NAU/NASA Space Grant Program

» Kathleen Stigmon
» Nadine Barlow

v

v

University of Arizona

» Organizers

Kirsten Davis Newton’s Method for PDE (1)



	Partial Differential Equations
	Laplacian
	Derivation

	Background
	Fourier

	Eigenfunctions
	Bessel's Differential Equation
	Eigenfuncitons of the Laplacian

	Preview
	Acknowledgements

